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In 1915, Einstein published his theory of General Relativity

Treats gravity not as a force, but as a curvature in space-time 
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1 Prologue

“Wir müssen wissen, wir werden wissen.” (We must know, we will know.)
– D. Hilbert, Address to the Society of German Scientists and Physicians, Königsberg
(September 08, 1930).

One century of peering into Einstein’s field equations has given us elegant and simple solutions,
and shown how they behave when slightly displaced from equilibrium. We were rewarded with a
beautiful mathematical theory of black holes (BHs) and their perturbations, and a machinery that
is able to handle all weak-field phenomena. After all, one hundred years is not a very long time
to understand a theory with such conceptual richness. Left behind, as an annoying nuisance, was
the problem of dynamical strong-field e↵ects such as the last stages of BH mergers.

In the last few decades, it gradually became clear that analytical or perturbative tools could
only go so far: gravitational-wave (GW) detectors were promising to see the very last stages of BH-
binary inspirals; fascinating developments in String/M theory (SMT) were hinting at a connection
between gauge theories and strong gravity e↵ects; extensions of the standard model of particle
physics were conjecturing the existence of extra dimensions, which only gravity had access to,
and were predicting BH formation at accelerators! This, and more, required the ability to solve
Einstein’s equations (numerically) in full generality in the nonlinear regime. The small “annoying
nuisance” rapidly grew to become an elephant in the room that had to be tamed.

But necessity is the mother of inventions. In 2005, several groups achieved the first long-term
stable evolutions of BH-binaries in four-dimensional, asymptotically flat spacetimes, starting a
phase transition in the field. It is common to refer to such activity – numerically solving Einstein’s
equations
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or extensions thereof – as “numerical relativity” (NR). In practice, any numerical procedure is
a means to an end, which is to know. In this sense, NR is a gray area which could lie at the
intersection between numerical analysis, general relativity (GR) and high-energy physics. Many
di↵erent numerical techniques have been used to solve the field equations in a variety of contexts.
NR usually entails solving the full set of nonlinear, time-dependent Einstein-type equations.

This is a review on NR. We will cover all aspects of the main developments in the last decade,
focusing for the most part on evolutions of BH spacetimes. The numerical resolution of Einstein’s
equations in a computer has a five-decade long history and many important ingredients. In fact, NR
is su�ciently complex that a number of outstanding review works have already been dedicated to
specific aspects, like construction of initial data, finding horizons in numerical spacetimes, evolving
the field equations in the presence of matter, etc. We will not attempt to cover these in any detail;
we refer the reader to the relevant section of Living Reviews

1 for this and to textbooks on the
subject at large [21, 79, 111, 364]. The present work is mostly intended to make the reader familiar
with new developments, which have not and could not have been covered in those works, given the
pace at which the field is evolving.

A few words about the range and applicability of NR methods are in order, as they help clarify
the content of this review work. NR is but one, albeit important and complex, tool that helps us to
get through solving and understanding certain processes. Traditionally, the two-body problem in
GR for instance, was approached via a slow-motion, large separation post-Newtonian expansion.
The PN expansion breaks down when the distances between the bodies are small and the velocities
are large. BH perturbation theory on the other hand, can handle the two-body problem for any
separation and velocity, but as long as there is a decoupling of mass scales, i.e, one of the objects
must be much more massive than the other. The remaining is NR turf: large velocities, small

1 http://relativity.livingreviews.org/Articles/subject.html
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“Spacetime tells matter how to move; matter tells spacetime how to curve”
                                                                                                            - John Wheeler



Gravitational waves

These ripples in spacetime are gravitational waves.

Consider small deviation away from flat spacetime:

Can show that, for a suitable choice of coordinate system, the linearised 
Einstein field equations then lead to  

where



Laser Interferometer Gravitational Wave Observatory

LIGO

Two detectors, one in Washington,
State, one in Louisiana.

Arm lengths 4 km!

Sensitive to length change of a few times 10-15 metres!



What produces gravitational waves?

Colliding (compact) stars

Rotating neutron stars

Exploding stars

The Big Bang



Matched filtering

Figure credit: Gabbard et al. (2018)

Actual signals are buried in detector noise

Use matched-filtering to identify weak signals

Look for the correlation 𝑐 𝜆  between detector output
𝑥(𝑡) and a filter 𝑞 𝑡, 𝜆 : 

where 𝜆  is set of parameters describing waveform:

𝜆 = {time of arrival, sky locations, masses, spins, …}

Need to construct a large template bank.



Modelling binary inspiral

For v/c << 1, use 
post-Newtonian
theory

For ring-down, use
quasi-normal mode
perturbation theory

For intermediate 
regime, use full-blown
numerical relativity 



GW150914: “The Event”

Advanced LIGO started 
taking data 12th September
2015

On September 14th  2015
strong signal seen in BOTH
detectors

Automatic alarm sounded 
within 3 minutes!                                                                    



Six months later…the Announcement!

See for yourself at:
                http://journals.aps.org/prl/abstract/10.1103/PhysRevLett.116.061102



Nobel Prize in Physics 2017

The Nobel Prize in Physics 2017 was divided, one half awarded to Rainer 
Weiss, the other half jointly to Barry C. Barish and Kip S. Thorne "for 
decisive contributions to the LIGO detector and the observation of 
gravitational waves".





GW170817: The birth of multi-messenger astronomy

The GW detection GW170817 was 
Immediately followed by a short gamma-ray 
burst (sGRB).

Proved long-standing theory that short 
Gamma-ray bursts come from binary neutron 
star mergers.

The explosion was observed throughout the
EM spectrum.



Did many interesting things with GW170817: 

• Placed constraints on stiffness of neutron star matter
• Measured the Hubble constant
• Placed constraints on speed of gravity verses light
• Show where the heavy elements come from



The gravitational wave spectrum

Figure credit: A. Lommen (2017)



A detector in space: LISA



Pulsar Timing 
Arrays (PTAs) 

• Can detect low frequency (P ~ 1 
year) using an array of pulsars.

• GWs show up as small timing 
variations in the observed 
pulsation rate.

• Radio astronomers recently 
detected a stochastic GW 
background.

• May be coming from a large 
population of supermassive 
black holes.

Figure credit: David Champion / MPIfR



Summary

Ø Using ground-based detectors, have already seen ~90 signals from binary black holes (BBHs) 

with masses 5 - 200 𝑀⨀ .

Ø The LISA space mission is capable of detecting supermassive BBHs out to cosmological 

distances; launch date ~2037.

Ø Using Pulsar Timing Arrays,  have seen a stochastic gravitational wave background which may 

come from even more massive BBHs.



Back-up slides
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Measuring the Hubble constant

Hubble constant: 𝑣 = 	𝐻"𝑑, for nearby galaxies. 

Can measure d using gravitational waves [Schutz (1986)]: compact binaries are
self-calibrating:

ℎ	~
#!/#$$%&'(

)/#

%
,              Ω̇~	Ω&&/(𝑀)*+,-

./(  ,       𝑀)*+,- =
/*/!
$*/#

(/.

If you can measure recession speed 𝑣 by other means (EM observation), get value 
for 𝐻".



Measuring the Hubble constant
Host galaxy NGC 4993 has recession velocity ≈ 3,300 km/s

Need to correct for local proper motion ≈ 300 km/s ⟹ 𝑣	 ≈ 3,000	km/s

Result consistent with (discrepant) EM-only values.

Abbott+2017



More and better detectors


